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ABSTRACT: For multi-story buildings, the standard approach to develop analytical models 
from earthquake records is to match the modal characteristics (i.e., modal frequencies, damping 
ratios and mode shapes) of the model with those identified from the data. Typically, the 
response of the building is recorded on the basement, roof and a few intermediate floors. When 
the number of the instrumented floors is less than the total number of floors, an analytical model 
cannot be constructed uniquely. In other words, more than one model can match the recorded 
response.  

This study presents a new method based on the transfer function formulation of the response. 
The method requires that vibration time histories are known at every floor. Since they are 
typically not recorded at every floor, we first present a methodology to estimate vibration time 
histories at non-instrumented floors from those of the instrumented floors.  

Once the vibration time histories are known at every floor, we present a new approach to 
calibrate analytical models of multi-story buildings based on the transfer matrix formulation of 
the response. The methodology utilizes top-to-bottom spectral-ratios at each story and shows 
that these spectral ratios are not influenced by any structural changes in the stories below. Thus, 
starting from the top story, the stiffness of each story can be determined uniquely by matching 
the dominant frequencies of the spectral ratios, assuming that the mass of each floor is known or 
estimated. A numerical example is presented to confirm the validity of the approach.   

 

 
 



  

 

  

1 INTRODUCTION 

For multi-story buildings, the standard approach to develop analytical models from earthquake 
records is to match the modal characteristics (i.e., modal frequencies, damping ratios and mode 
shapes) of the model with those identified from the data. Typically, the response of the building 
is recorded in the basement, roof and a few intermediate floors. When the number of the 
instrumented floors is less than the total number of floors, an analytical model cannot be 
constructed uniquely. In other words, more than one model can match the recorded response.  

Transfer matrix formulation of the response provides alternative methods for system 
identification and model calibration. Transfer matrices are the matrices that define the 
relationship between the forces and displacements of two adjacent floors. In a multi-story 
building, the response of each floor can be calculated from the response of the floor below and 
the transfer matrix for the story between those floors.  

It can be shown that the top-to-bottom spectral ratio of accelerations in any story is not 
influenced by changes in the characteristics of the stories below.  Thus, one can identify story 
frequencies (i.e., square root of story stiffness / story mass) uniquely, provided that we start 
from the top story.  

One requirement of the transfer matrix approach is that acceleration time histories are available 
at every floor. Since this is not usually the case, the paper also presents a method to predict 
accelerations at the non-instrumented floors from those recorded at the instrumented floors.   

 

2 TRANSFER MATRIX FORMULATION FOR CALIBRATION 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
 

    Figure 1.  Forces and displacements on two adjacent floors of a multi-story building.  



  

 

  

 
 
 
 
 
Consider two adjacent floors of a multi-story building, with the forces  and displacements as 
shown in Fig.1.  The notation in Fig. 1 is: 
 
            xg     :  Ground displacement due to earthquake 
     yi , yi+1    :  Relative displacements of the floors i and i+1 with respect to ground  
     xi , xi+1    :  Total displacements of the floors i and i+1 (x=xg+y)  
          mi+1  :   Mass of story i+1  
          ki+1  :   Stiffness of story i+1   
     fi , fi+1    :   Inertia forces acting on mi  and mi+1  due to ground acceleration 
    Fi , F’i    :  Shear forces acting at the top and the bottom of mass mi 
Fi+1 , F’i+1 :   Shear forces acting at the top and the bottom of mass mi+1   
 
 
Assuming sinusoidal ground excitation with frequency ω, and by combining the equilibrium 
equations for the mass mi+1  and the segment between mi  and mi+1, we find (for details, see: 
Thompson,  1971; Kocakaplan, 2014): 
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where  Ti+1  is the transfer matrix for the story i+1   
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As seen in the equation, the transfer matrix Ti+1  is dependent only on the stiffness, ki+1, of the 
segment between the floors i ve i+1 , and the mass of the upper floor, mi+1.  For simplicity, the 
damping forces are not included in the formulation for the moment, but will be added later.  
 
By using Eqs. 1 and 2, the forces and displacements of any floor can be written in terms of the 
forces and displacements of any other floor, and the transfer matrices for the stories between 
them.  

 



  

 

  

3 SYSTEM IDENTIFICATION AND MODEL CALIBRATION 

 
Let us consider an N-story building and write Eqs. 1a for the N th story, noting that FN=0: 
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By eliminating FN-1 in above equations, we get: 
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Although Eq. 4 is given for the ratio of total displacements, it can be shown that it is also valid 
for the ratios of total velocities and accelerations, as well as the ratios of their Fourier spectra. 
For example, for the ratio, RN(ω), of the Fourier amplitude spectra of total accelerations (which 
are typically what is measured) at floors N ve N-1, we can write: 
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As seen from Eq. 7,  denominator is zero when  ω=ωN , which makes the ratio RN(ω) maximum.  
In other words, the frequency at which the ratio is maximum shows the frequency of the N th 
story, i.e., ω2

N = kN / mN . 
 
If we include the story damping ratios ξi in the above formulation, it can be shown that the 
spectral ratio RN(ω)  for the N th story takes the following form (Şafak, 1995): 
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By making the derivative of Eq. 6 with respect to ω equal to zero, we determine the frequency 
at which RN(ω) has its peak. This gives the following equation for the peak frequency ωmax 
(Şafak, 1995): 
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For low damping ratios  (e.g., ξN < 0.30), it can be shown that the coefficient of ωN on the right 
hand side is very close to 1.0. Thus, even with damping, the frequency at which RN(ω) has its 
peak still shows the frequency of the N th story.  
 
In practical applications, the floor masses can be approximated fairly accurately from structural 
design documents. From the story frequencies and masses, we can easily calculate the story 
stiffnesses as ki = mi ω2

i . 
 
Knowing ωN , we then continue down to the next story, N-1, and calculate its frequency, ωN-1, 
from the spectral ratio of the accelerations recorded at the top and the bottom of the story. More 
detail on this is given in Kocakaplan (2014).   
 
Since the spectral ratios are not influenced by the changes in the characteristics of the stories 
below, the identified frequency of the floor is unique. To show this with a numerical example, 
we consider the simulated responses of a 10-story building under two configurations.  The first 
case corresponds to an undamaged condition and the second case represents a damaged 
configuration, where the 5th story stiffness is reduced by 50%.  Modal frequencies for the 
damaged and undamaged cases are given in Table 1 below.  Note that the maximum influence 
of the damage on the frequencies is  only 7.8% in the third mode, which confirms that changes 
in modal frequencies are not a robust indicator of damage.     
 

Table 1 

Frequencies of the 10-story building with and without damage 

Mode No 

Modal Frequency 

No damage 

(Hz) 

Damage (50% reduction 

on the 5th story stiffness) 

(Hz) 

Change in freqencies 

(%) 

1 0.9833 0.9298 5.4 

2 2.9279 2.8755 1.8 

3 4.8071 4.4334 7.8 

4 6.5789 6.5789 - 

5 8.2037 7.6003 7.4 

6 9.6453 9.5111 1.4 

7 10.8714 10.4199 4.2 

8 11.8547 11.5322 2.7 

9 12.5732 12.4369 1.1 

10 13.0108 12.7486 2.0 

 
Figure 2 shows top/bottom spectral ratios of the accelerations of the adjacent floors for the 
damaged (red line) and undamaged (blue line) cases.  As seen from the figure, the spectral ratios 
differ only on the damaged 5th floor and the floors below.   



  

 

  

 

Fi
gu

re
 2

.  
To

p/
bo

tto
m

 sp
ec

tra
l r

at
io

s 
of

 th
e 

ac
ce

le
ra

tio
ns

 o
f t

he
 a

dj
ac

en
t f

lo
or

s 
fo

r t
he

 d
am

ag
ed

 (r
ed

) a
nd

 u
nd

am
ag

ed
 (b

lu
e)

 c
as

es
. 



  

 

  

4 ESTIMATION OF RECORDS AT NON-INSTRUMENTED FLOORS 

 
The methodology presented above for system identification and model calibration require that 
records are available from all floors. In practice, motions are recorded on the ground level, roof, 
and a few intermediate floors. If needed, the motions at other floors are approximated by 
interpolation, such as linear or cubic interpolations (Naeim, 1997; Goel, 2008). Interpolation 
method can give misleading results for high frequencies and very sensitive to the locations of 
instrumented mid-floors. Here, we present an alternative method to  estimate motions at non-
instrumented floors.  
 
We assume that at any modal frequency, the mode shape of the building can be written as a 
linear combination of the corresponding mode shapes of a shear beam and a bending beam. That 
is: 
 

𝜙!,! = 𝐶!,! ∙ 𝜙!,!,! + 𝐶!,! ∙ 𝜙!,!,! (8) 

 
where ϕs,j,k and  ϕb,j,k are the amplitudes of the jth mode shapes of a shear beam and a bending 
beam, respectively, at the kth interface; ϕj,k is the amplitude of the jth mode shape of the building 
at the kth floor; Cs,j and Cb,j are the unknown weighting coefficients for the jth mode. The error in 
the estimation for the jth mode can be expressed as the square sum of the differences over the 
instrumented floors between the recorded modal displacements, yj,k (t), and the calculated modal 
displacements, uj,k (t). 
 

𝜀!(𝑡) = 𝑦!,! 𝑡 − 𝑢!,! 𝑡
!!"#

!!!
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where εj (t) is the error function for the jth mode and NIF is the number of instrumented floors. 
In order to calculate the recorded modal displacements, yj,k (t), first the modal frequencies of the 
building are identified by using Fourier/spectral analysis. Next, the recorded accelerations at 
each instrumented floor is band-pass filtered around each modal frequency of the building, and 
then double integrated. The summation in the error function (6) is only over the instrumented 
floors; therefore, the coefficients of Cs,j and Cb,j can be estimated by making the partial 
derivatives equal to zero; that is: 
 

𝜕𝜀!
𝜕𝐶!,!

= 0,                      
𝜕𝜀!
𝜕𝐶!,!

= 0 (7) 

 
 
which yields two linear equations for the two coefficients. 
 
Once the coefficients  Cs,j and Cb,j are determined, the time histories of modal displacements and 
total displacements are calculated from Eq. 8. It can be shown that this approach is more 
accurate than the interpolation-based approaches, especially at higher modes (Kocakaplan, 
2014; Kaya, 2015).   
 
 
             



  

 

  

5 CONCLUSIONS 

Transfer matrix formulation of the dynamic response of multi-story buildings provides a 
convenient method for system identification and model calibration of these buildings from their 
vibration records. The method utilizes top-to-bottom spectral-ratios at each story and shows that 
these spectral ratios are not influenced by any structural changes in the stories below. Thus, 
starting from the top story, the stiffness of each story can be determined uniquely by matching 
the dominant frequencies of the spectral ratios, assuming that the mass of each floor is known or 
estimated.  
 
The method requires that vibration time histories are known at every floor. Since they are 
typically not recorded at every floor, we present an alternative approach to interpolation-based 
approaches to estimate vibration time histories at the non-instrumented floors from those of the 
instrumented floors. The approach is based on the assumption that at each modal frequency, the 
mode shapes of the building can be approximated as a linear combination of the corresponding 
mode shapes of a shear beam and the bending beam. It is shown that this new approach is 
superior to interpolation-based approaches, especially at higher modes.  
 

6 REFERENCES 
 

Goel, H., R.K., (2008). Mode-Based Procedure to Interpolate Strong Motion Records of Instrumented  
              Buildings, ISET Journal of Earthquake Technology, Vol. 45, No. 3-4, pp. 97-113. 
 
Kaya, Y., Kocakaplan, S., and Şafak, E. (2015).  System Identification and Model Calibration of Multi-

Story Buildings Through Estimation of Vibration Time Histories at Non-Instrumented Floors, 
Bulletin of Earthquake Engineering  (accepted for publication, in print).  

 

Kocakaplan, S. (2014). A method to calibrate analytical models of multi-story buildings from earthquake     
               Records, M.S. Thesis,  Boğaziçi University, Kandilli Observatory and Earthquake Research        
               Institute, Graduate Program in Earthquake Engineering,  December 2014.  
 
Naeim, F., (1997). Performance of Extensively Instrumented Buildings during the January 17, 1994 

Northridge Earthquake: An Interactive Information System, Jama Report 97-7530.68, John A. 
Martin and Associates, Los Angeles, USA.  

 
Şafak, E. (1995). Detection and Identification of Soil-Structure Interaction in Buildings from Vibration  
              Recordings, ASCE, Journal of Structural Engineering, Vol. 22, pp. 899-906. 
 
Thomson, W.T (1971). Transfer matrix relationships for repeated structures, International Journal of    
              Mechanical Sciences, Volume 13, Issue 8, August 1971, Pages 737–738. 
 

                                                        

	  

 


