Mechanical-based shear model for assessment of reinforced
and/or prestressed concrete beams
Antoni Cladera1, Antonio Marí2, Carlos Ribas1 and Jesús Bairán2
1
2

University of Balearic Islands, Palma de Mallorca, Spain
Universitat Politècnica de Catalunya, Barcelona, Spain

ABSTRACT: A simple but accurate mechanical flexural-shear model for reinforced and/or
prestressed members both with and without stirrups and with rectangular or T- shaped crosssection is presented and validated with the recently published ACI-DAfStb databases, with a
very low scatter. If the proposed formulation is used for the assessment of existing structures, it
could avoid unnecessary structural strengthening since the real strength of the structure could be
higher than reflected by current concrete codes, especially in the case of prestressed beams with
T-shaped sections. In this model, the shear strength is considered to be the sum of the shear
transferred by the concrete compression chord, along the crack due to residual tensile and
frictional stresses, by the stirrups and, if they exist, by dowel action of the longitudinal rebars.
Based on the principles of structural mechanics and in the observed experimental behavior,
simple and robust expressions have been derived separately for each shear transfer action.
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INTRODUCTION

Refined analytical and numerical models have been developed for the assessment of existing
structures; however their applicability in daily engineering practice is still limited because their
complexity in use, time consumption and dependency of the numerous input parameters
required. For this reason, simple but accurate models are needed for the assessment of existing
structures in a safe, reliable, economical and easy way. Mechanical models are especially
adequate for assessment purposes since they provide an insight into the structure behavior,
incorporate the most relevant parameters involved and can be extended in a natural way to
different new situations. In fact, simplified models for the shear strength of reinforced and
prestressed concrete members have been developed, with the purpose of providing useful
formulations for the daily engineering practice. Among them, relevant models are those carried
out by Collins et al (2008), Muttoni et al (2008), Park et al (2013), Wolf et al (2007) and Zararis
et al (2001). Nevertheless, the shear strength of structural concrete elements is still an open
topic as no universally accepted formulation is available yet, capable to combine accuracy,
simplicity and capacity to by adapted or extended to many different situations without the need
for adjustments to existing or new experimental results.

In this communication, a simple but accurate mechanical flexural-shear model for reinforced
and/or prestressed members both with and without stirrups and with rectangular or T- shaped
cross-section is presented. The shear strength is considered to be the sum of the shear
transferred by the concrete compression chord, along the crack due to residual tensile and
frictional stresses, by the stirrups and, if they exist, by the longitudinal reinforcement (dowel
action). Based on the principles of structural mechanics and on the observed experimental
behavior, simple and robust expressions have been derived separately for each shear transfer
action at ULS. The predictions of the model were compared against different code formulation
and large databases published in ACI-DAfStb 617(2015), Reineck et al (2013) and Reineck et al
(2014), showing small bias and dispersion, and good correlation of the evolution of the different
design parameters. These characteristics make the model particularly adequate for design,
assessment of existing structures, and reliability analysis.
Furthermore, the rational basis of the approach allows analytical extensions to other applications
with physical interpretation of the observed differences, such as FRP-reinforced concrete
beams, Marí et al. (2014a) and Oller et al. (2015), the effects of axial tension or compression
loads, external strengthening, punching shear, etc…
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BRIEF DESCRITPION OF THE MECHANICAL MODEL

As widely accepted, the total shear resistance, Eq. (1), is considered to be the addition of the
shear resisted by concrete and by the transverse reinforcement (Vs). The shear resistant
contribution of concrete in this model is explicitly separated into the following components
(Fig. 1): shear resisted in the un-cracked compression chord (Vc), shear transfer across web
cracks (Vw) and the contribution of the longitudinal reinforcement (Vl).

V = ( vc + vw + vl ) fctm ⋅ b ⋅ d + Vs ≤ Vmax

(1)

where vc, vw and vl are the dimensionless values of the concrete shear transfer actions (see Table
1), whose relative contribution to the shear strength varies along the different load stages. As the
load increases, the crack width increases and the aggregate interlock decreases; therefore, due to
equilibrium, the decrease on aggregate interlock must be balanced by an increase in the shear
transferred by the compression concrete chord.

Figure 1. Shear transfer mechanisms considered and definition of parameters for a T-shaped beam.

Table 1. Summary of assessment expressions for rectangular or T-shaped beams
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Figure 2. Cracking prior to failure and at failure in a rectangular beam with web reinforcement.

The following notation has been used in the equations presented in Table 1: b is the width of the
concrete section (for T or I-shaped beams is equal to the flexural effective compression flange
width, see Fig. 1); bw is the width of the web (for rectangular sections, b = bw); fctm is the mean
concrete tensile strength according to EC-2, not greater than 4.60 MPa; Ecm is the secant
modulus of elasticity according to EC-2, not greater than 39 GPa; ds is the distance between the
maximum compressed concrete fiber and the centroid of the mild steel tensile reinforcement;
Asw is the cross-section area of the shear reinforcement; s is the spacing of the stirrups; fywd is the
design yield strength of the shear reinforcement; α is the angle between shear reinforcement and
the beam axis perpendicular to the shear force (measured positive as shown in Fig. 1). The other
terms used in Table 1 will be defined later in this communication.
The following assumptions and simplifications have been considered during the model
formulation:
1. In slender beams subjected to shear and bending, flexural cracks initiate at the tensile face,
and subsequently develop inclined through the web. As the load increases, damage concentrates
around the so-called critical shear crack, Muttoni et al 2008, whose first branch arrives to the
neighborhood of the flexural neutral axis. Under incremental loading, a second branch of the
critical shear crack develops inside the concrete chord, which eventually connects the first
branch of the crack and the point where the load is applied, producing failure, see Figure 2. This
way of dividing the critical shear crack in two branches was also observed by Zararis and

Papadakis (2001). In highly prestressed beams, the shear cracks may appear directly in the web,
without the need of a previous flexural crack. In this case, not covered in this communication,
the shear strength must be obtained taking into account the shear cracking load, in a similar way
than the specific model for beams without flexural cracking presented in Eurocode 2 or Model
Code 2010.
Neutral axis depth, x, and height of the un-cracked concrete zone are treated as equivalent and it
can be obtained by standard analysis of cracked reinforced concrete sections under pure flexure
(Eq. 7).
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where αe= Es/Ec is the modular ratio between steel and concrete. To take into account the
contribution of the different types of reinforcement that may exist in the cross-section (only
mild reinforcement, As, only active reinforcement, Ap, or both), the effective depth, d, will be
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where dp is the distance between the maximum compressed concrete

fiber and the mechanical centroid of the prestressing tendons placed at the tension zone. For
members with mild steel reinforcement and tendons, αeρl can be adopted as indicated by Eq.(7),
A
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being ρ s = s and ρ p = p . Expression (7) should be corrected for beams in which x0 is
b·d
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higher than hf. For RC beams, x = x0. For prestressed members, x will be computed from x0, the
neutral axis depth of an identical beam with P = 0:
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where σcp =P/Ac is mean concrete normal stress due to prestressing or axial loads (P is the
prestressing force -compression positive- and Ac is the cross sectional area of concrete).
2. Based on experimental observations made by the authors, Cladera et al (2005) and Marí et al
(2014b), the horizontal projection of the first branch of the flexural-shear critical crack is
considered to be equal to 0.85d. This is equivalent to considering that its inclination is
approximated as in Eq. (9).

cot θ =

0.85 d s
≤ 2.50
ds − x

(9)

3. The weakest section in front of a combined shear-bending failure is considered to be placed at
the tip of the first branch of the critical crack for beams with constant geometry and
reinforcement. The critical crack is assumed to start where the bending moment diagram at
failure reaches the cracking moment of the section, scr = Mcr/Vu, which is a conservative
assumption. Any other section closer to the zero bending moment point has a bigger depth of
the compression chord and will resist a higher shear force. Any other section with a higher
bending moment will have the same depth of the compression chord but will be subjected to
higher normal stresses and, therefore, will have a higher shear transfer capacity.
4. Resistance of compression chord is governed by Kupfer’s biaxial failure envelope. It is
considered that failure occurs when the principal stresses reach the Kupfer’s compressiontension branch of the failure surface, Kupfer et al (1973).

5. The tensile concrete strength, fctm, is evaluated in the application of the previous equations by
using EC-2 equations, but limiting the concrete compressive strength to 60 MPa, as has been
previously shown that the shear strength of reinforced concrete beams without stirrups does not
increase significantly for high-strength concrete beams due to the fracture of the aggregates,
Cladera et al (2004). The concrete modulus of elasticity has also been evaluated according to
EC-2, limiting also fck to 60 MPa for its calculation. Gf in Eq. (2) is the concrete fracture energy
J.)P J.R
whose recommended value is M = 0.028 NO
=Q , Marí et al (2014b), where fcm is the mean
value of the cylinder concrete compressive strength and dg is the maximum aggregate size.
The complete derivation of the dimensionless shear contributing components (Eqs. 2-6) may be
found elsewhere, i.e. Marí et al. (2014b) and Marí et al (2014c). Shear resistance of cracked
concrete in the web (Eq. 2) is considered as the residual tensile stress of cracked concrete
transferred in the closest part of the crack with a depth equal to xw. The contribution of
longitudinal reinforcement, or dowel action, is taken into account only when transversal
reinforcement exists, Eq. (3a), being negligible when there are no stirrups, Eq. (3b). Stirrups
provide a constraint to the vertical movement of the longitudinal bars, enabling them to transfer
a certain shear. In order to evaluate such shear force, it was considered that the longitudinal bars
are doubly fixed at the two stirrups adjacent to the crack initiation, and subjected to bending due
to a relative imposed displacement between those points. This vertical relative displacement is
caused by the critical crack opening and the shear deformation of the compression chord. The
contribution of transversal reinforcement, Eq. (5), is taken as the integration of the stresses on
the transversal reinforcement cut by the inclined crack up to a height of d-x (Fig. 1) and
assuming that this reinforcement is yielded along the total crack height.
Finally, the shear capacity of the compression chord is evaluated assuming that failure occurs
when the first fiber in the compression chord reaches the Kupfer’s failure envelope. By means
of a Mohr’s circle analysis, and taking into account equilibrium equation, the following
expression was derived:
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Equation 10 is a general expression based on a rational mechanical analysis (see Marí et al.
2014b for its derivation and the complete definition of the different terms used); however, it
must be solved iteratively. Nonetheless, it was found that the exact solution of Eq. (10) can be
very well approximated by the simplified linear equation presented in Eq. (4) of Table 1, in
which the applied bending moment at the critical crack initiation was conservatively considered
as the cracking moment. It is observed that the shear transferred by the un-cracked concrete
chord depends linearly on the neutral axis depth, as previously obtained in Tureyen et al (2003)
and Ribas et al. (2014) using a similar approach. Since the neutral axis depth depends on the
longitudinal reinforcement ratio, ρl, and on the modular ratio, αe, the higher the longitudinal
reinforcement amount, the higher the shear resisted by the concrete chord. In addition, it is
observed that vc depends also on the shear carried by the transverse reinforcement, vs, as was
observed experimentally, Cladera et al (2004).
The following parameters are also needed to evaluate the equations given in Table 1:
d0 is the effective depth of the cross-section, d, but not less than 100 mm.
ζ is a coefficient to take into account the size effect at failure when the second branch of the
critical crack develops, .=1.2−0.2 a ≥ 0.65, with a in m, Zararis and Papadakis (2001).

a is the shear span. For members subjected to distributed loads, a can be considered as the
distance from the support (or the zero bending moment point) to the resultant of the distributed
loads producing shear at that support. For designing purposes in beams with uniformly
distributed load, a=0.25L for simple supported beams; a=0.5L in the case of a cantilever beam;
a=0.2L for the sagging moment regions in continuous beams and a=0.15L for the hogging
moment regions in continuous beams, being L the span of the beam or the cantilever length.
bv,eff is the effective width for shear strength calculation (Eq. 4). For rectangular beams, bv,eff = bv
= b. For T or I beams with compression flange:

x≤ hf

→ bv ,eff = bv = bw + 2h f ≤ b

x > hf
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KT is a coefficient to take into account the mechanical differences of a beam with compression
flange respect a rectangular beam. For rectangular sections KT = 1. For T or I-shaped beams:
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Where hf,tens and btens are the depth and the width of the tension flange of a I-shaped beam.
Kp is a coefficient to take into account the influence of the prestressing force in the cracking
moment or the excess of moment with respect to the cracking moment:
18 = 1 + 0.24

n ; Ho6

(13)

yt is the distance from the c.o.g. of the section to the most stressed fiber in tension (Fig. 1) and Mv
is the excess of moment with respect to the cracking moment at the considered section. Equation
(13) is also valid for members subjected to a moderate axial compressive load, such as some
columns, and it has been extended to members under tensile axial forces due to membrane effects
or to constrained shrinkage or temperature imposed deformations.
The terms needed for Vmax computation (Eq. 6) may be found in the current EC-2, but
considering the value of cotθ given by Equation 9.
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SIMPLIFIED EXPRESSION FOR CONCRETE CONTRIBUTION

The described model provides the contribution of each shear transfer action; however, some
simplifications are possible in order to make the model easier to use in daily engineering
practice. Taking into account that when shear-flexure failure takes place, both the aggregate
interlock and the dowel actions are small compared to the shear resisted by the uncracked zone,
vw and vl have been incorporated into vc. For this purpose, the following average values have
been adopted vw=0.035, vl=0.025, vs=0.25 and the neutral axis depth x/d=0.35, resulting the
following equation:
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where the mean concrete tensile strength has been expressed in terms of the characteristic
concrete compressive strength, fck, affected by the corresponding safety partial coefficient, γc.

Therefore, Equation 14 may replace the addition of dimensionless expressions given by Eq. 2, 3a
and 4 to have a faster assessment.
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VERIFICATION OF THE MODEL WITH SHEAR TESTS RESULTS

Table 2 shows a comparison of the model predictions with the results of a large set of shear tests
of reinforced and prestressed concrete beams, with rectangular, I or T sections. The concrete
contribution has been obtained by the simplified method given by Eq. (14). It is observed that
very good agreement is in general obtained. In addition, it can be observed that the Eurocode 2
provides much large scatter in all cases.
Figure 3 compares the results of the proposed method and those of EC2 for the total 1285 tests
analyzed. A big difference in the scatter can be observed. A mean value of Vtest/Vpred equal to
1.13 and a CoV of 19.3% and a 5% percentile of 0.839 are obtained for the proposed method
while a mean of 1.27, a CoV of 35.5% and a 5% percentile of 0.804 are obtained for EC2,
indicating that the proposed model is not only less disperse and more precise (less expensive)
but also safer.
Table 2. Verification of the proposed model for different databases (Vtest/Vpred)
Database original source

Comments

Mean
No.
elements Proposed EC2

CoV (%)
Proposed EC2

Reineck et al. (2013)

RC beams w/o stirrups

784

1.16

1.10

18.8

27.9

Reineck et al. (2014)

RC beams with stirrups

170

1.12

1.52

16.5

33.4

ACI-DAfStb 617 (2015)

PC beams w/o stirrups

214

1.10

1.57

22.6

30.1

ACI-DAfStb 617 (2015)

PC beams with stirrups

117

1.05

1.54

16.1

37.2

Figure 3. Comparison of results for 1285 tests included in the databases.
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CONCLUSIONS

A mechanical model developed for the shear strength prediction of reinforced and prestressed
concrete members with and without transverse reinforcement, with I, T or rectangular cross
section has been described, which accounts for the generally accepted most significant shear
transfer actions. The derived expressions are direct and provide qualitative and quantitative

information about the most relevant parameters governing the structural behavior, thus resulting
of great interest for assessment of existing structures. The predictions of the present model fit
very well the experimental results collected in the new ACI-DAfStb databases of shear tests on
slender reinforced and prestressed concrete beams with and without stirrups.
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